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Abstract: We investigate some operations where essentially, from a given word w,
the word ww’ is constructed where w’ is a modified copy of w or a modified mirror
image of w. We study whether ww' is a primitive word provided that w is primitive.
For instance, we determine all cases with an edit distance of w and w’ at most 2 such
that the primitivity of w implies the primitivity of ww’. The operations are chosen in
such a way that in the case of a two-letter alphabet, all primitive words of length at
most 11 can be obtained from single letters.
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1. Introduction

A word w over an alphabet V' is said to be a primitive word if and only if there is no
word u € X with w = " for some natural number n > 1. The set of all primitive words
over V' is denoted by ()y,. There are a lot of papers on relations of )y to other language
families as the families of the Chomsky hierarchy (e. g. in [4] and [16], it has been shown
that (Jy is not a deterministic as well as not an unambiguous context-free language, in
[8] relations to regular languages are given), Marcus contextual grammars (see [6]), to
(poly-)slender languages (see [5]) and some languages and language families related to
codes (see e. g. [17]). Moreover, there are papers on combinatorial properties of primitive
words and of the sets (Jy; we refer to [2], [1], [9].

However, there is only a small number of results concerning the closure of )y un-
der operations. There are some papers where it was investigated whether the application
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of homomorphisms to primitive words leads to primitive words in all cases or leads to
primitive words with a finite number of exceptions or to non-primitive words in all cases;
we refer to [12], [13], [14], [10]. Substitutions form another operation which was inves-
tigated with respect to preservation of primitivity. There were substitutions of very short
subwords in the focus, especially point mutations (deletions, insertions and substitutions
of one letter) were studied. We refer to [15] for details. A further study in this direction
concerns insertions (see [11]).

Obviously, there is a large variety of operations from which one can expect that )y
is closed under them (since the portion of primitive words is very high). In this paper
we consider some operations where essentially, from a given word w, the word ww’ is
constructed where w’ is a modified copy of w or a modified mirror image of w. The
modifications are of such a form that the edit distance of w and w’ is very small or very
large (i.e., it is very near to the length of w).

We have two reasons for this investigation. The first one is of combinatorial nature.
Obviously, ww is not primitive for all w. We are interested in conditions for changes
of the second copy w to w’ such that ww'’ is primitive for all w. Especially, how many
changes or deletions or insertions of letters are necessary and how many such operations
are possible. For example, we shall determine all possible transformation where the edit
distance of w and w’ is at most two and primitivity is preserved.

The second reason comes from the theory of dynamical systems. In the paper [7] a
dynamical system based on regular languages has been proposed. The regular languages
are essentially described by primitive words. Since in dynamical systems one needs muta-
tions in order to develop the system, one is interested in devices which describe primitive
words and allow mutations. Here the use of operations which preserve primitivity is of
interest. Then a primitive word can be given as a sequence of operations; and a mutation
is the replacement of one operation by another one or a deletion or insertion of an op-
eration in the sequence. This ensures primitivity of the word obtained from the mutated
sequence of operations. Obviously, it is not necessary to generate all primitive words,
however, the set of generated primitive words should contain a good approximation of
any primitive word where the quality of approximations is determined by the dynamic
system (especially its fitness function). We have chosen the operations under which @)y
is closed in such a way that, if the underlying alphabet V' consists of two letters, then by
the operations we can generate all primitive words of length < 11 (as can be shown by
computer calculations) and a sufficient large amount of primitive words of the length up
to twenty.

Thus this paper can also be considered as a continuation of the investigations of de-
vices generating only primitive words (see e. g. [3]).

The paper is organized as follows. In Section 2, we present and recall some notations
and some results on primitive words which are used in the sequel. In Section 3, we
introduce some operations where we first construct ww and perform then some small
modifications of the second copy yielding ww’. We prove that all operations where the
edit distance of w and w’ is 1 preserve primitivity. An analogous result is shown for the
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edit distance 2 if at least one change of a letter is used. In Section 4, we consider analogous
operations as in Section 2, but start from ww® and modify w®. In Section 5 we consider
ww' where w' is obtained from w or w’t by a drastic change, i.e., the Hamming distance
of w’ and w or w’ is almost the length of w. Moreover, we give some further operations
where the length is almost doubled and primitivity is preserved.

2. Some Notation and Facts

For a given alphabet V', we denote by VV* and V' the set of all and all non-empty words
over V, respectively. The empty word is designated by A. Given a word w € V* and
x € V, we denote its length by |w| and the number of occurrences of = in w by #,(w). For
aword w =z12,...7, € VT with z; € V for 1 <14 < n, we define the mirror image w
by wh =2, 2,1 ... 2. Given two words w = 212> ... 2y, € VT and w' = Yiy ... Yyp €V
with z;,y; € V for 1 <7 < n, the Hamming distance d(w,w’) is defined by

d(w,w') =#({i | z; # yi})

and the edit distance ed(w,w’) of w and w' is the minimal number of changes, deletions
and insertions of letters in order to transform w into w’.
Throughout the paper we assume that V' has at least two elements.

A word w € V' is said to be a primitive word if and only if there is no word v € V'
such that w = u" for some natural number n > 1. By @)y, we denote the set of all prim-
itive words over V. If V' is understood from the context we omit the index 1/ and write

simply Q).
Lemma 1. For any words v,v" € V*, vv’ € Q if and only if v'v € Q.

Proof. Let us prove one implication; the other one is analogous.

Let vv’ € Q. Let us suppose v'v ¢ @, that is, there exists u € Q with |u| < |[v'v| and
n > 1 such that v'v = u™. Therefore v/ = u*p, v = qu"~*~! and u = pq for some words
p,q € V* and some k < n. That implies

v’ = qu"FFp = qu T p = q(pg)" ' = ()" ¢ Q.

Thus we have a contradiction to our supposition which proves v'v € Q. O

The following statement holds trivially.
Lemma 2. If w € Q, then also w® € Q. a

Lemmas 1 and 2 can be interpreted as follows: If we apply a cyclic shift or the mirror
image to a primitive word, then we obtain a primitive word, again. Thus cyclic shifts and
reversal are operations which preserve primitivity.

For the following two lemmas, the reader is referred to [17] for the proof.
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Lemma 3. For two non-empty words u and v, uv = vu if and only if there is a word z
such that u = 2" and v = 2" for some natural numbers n and m. O

Lemmad. In a free monoid V*, the equation ab" = cP, where a,b,c € V* and
m,n,p > 2, has only trivial solutions, where a, b and c are powers of some word in V*. O

Lemma 5. Foranyx € V,yeVand z € V*, if vz = zy, then x = y.

Proof. 1If z = )\, then x = y immediately. If z = ajay...a, witha; € V for 1 <7 < mn,
then z = ay,a1 = az,a3 = a3,...ay—1 = ay,a, =y and consequently xr = y. O

In the sequel we shall use the following notation. If w = wyw;...w, = 2123. .. zs for some
words wy,...wr, 21,...,2s € V* such that |wjw; ... w;| = |2122... 2| for some ¢ and j, we
write

wiwy .. .wi|wi+1wi+2 LWy =212 ~-Zj|zj+12j+2 ... 25,

i.e., by the symbol | we mark a certain position in the word. Mostly, | will mark the
middle of a word of even length, or it will be put after the m-th letter if the word has odd
length 2m — 1.

3. Operations with an Almost Duplication

Obviously, the word ww obtained from w by a duplication leads from any word w to a
non-primitive word. In order to obtain primitive words from a primitive word w one has
to perform some changes in the second occurrence of w, i.e., one has to consider words
of the form ww’ where w’ differs only slightly from w. In most cases the edit distance of
w and w’ will be at most 2, and thus ww’ can be considered as an almost duplication of w.
We start with the case where we only change some letters to obtain w’ from w.

Theorem 6.

(i) Let w be a primitive word of some length n and w' an arbitrary word of length n
such that the Hamming distance d(w,w’) is a power of 2, then ww' is primitive,
too.

(i1) If d is not a power of 2, then there are a primitive word w and a word w' with
d(w,w") = d such that ww' is not a primitive word.

Proof. (i) Obviously, |ww’| is even. Let us suppose ww' ¢ @, that is, there exists p € N
and v € V1 of length at least 2 such that ww’ = vP.

If p =2, then ww’ = v2. Since |w| = |w’|, we get w = w’ = v and thus d(w,w’) = 0 which
contradicts the assumption on the Hamming distance of w and w’.

If p is even, and p > 2, we have g > 2 and vE = w ¢ (), which is a contradiction.
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If pis odd, i.e., p=2m+ 1 for some m > 1, then |v| is even (since otherwise [v"|p = |ww’|

would be odd). Thus there are words v’ and v” of length @ such that v = v’v”. Then

we get w = 0™ = (V)™ and w’ = v"v™ =" (vv")™. The Hamming distance is

d(w,w") = (2m+1)d(v',v"). Since 2m+ 1 is an odd number, d(w,w’) is not a power
of 2 in contrast to our supposition.

(ii) Let d be not a power of 2. Then there is an odd number ¢ > 1 and a number p such
that d = gqp. Let ¢ = 2m+ 1 for some m > 1. We now set

v=10", " =117, w=("")", and ' = (")

Obviously, the word w is primitive, d(w,w’) = (2m+1)d(v',v") = 2m+1)p=qp=d
and ww' = (V") ¢ Q. O

By part (ii) of the preceding theorem, if w is a primitive word and d(w,w’) is not a power
of 2, in general, ww’ is not a primitive word. However, if we require that the changes occur
in special positions it is possible to obtain preservation of primitivity. As an example we
give the following operation.

Definition 7. For any odd natural numbers n > 3, any alphabet V', and any mapping
h:V — V with h(a) # a for all a € V, we define the operation Oy, j, : V" — V" by

Onyh(xl.l“z .. xn) =x1xp... l‘nh<x1)x2 .. .xi,lh(xi)a:iﬂ e xn,lh(xn)

where i = "T“

Theorem 8. For any odd natural number n > 5, any primitive word q of length n, and
any mapping h: V. — V with h(a) # a for all a € V, Oy, 1,(q) is a primitive word.

Proof. Letw =z123...0p withz; € Viorl <j<mandi= "T“ Then
Omh(x]xz...xn) = xlxz...xnh(xl)x2w3 .. .xi_lh(xi)xiﬂaciﬂ...xn_lh(:cn)

has an even length.

Let us suppose that O, ,(w) ¢ @, that is, there exist a p > 2 and v € @) such that
Opp = vP.
If p is even and p > 2, then v? = w and g > 2, which contradicts w € (). If p = 2, then
122 .. 2ph(z))22 . . 21 h(zy) = v?, that is,

V=212 .. Ty 12y = h(x)) 2223 . i h(x) i1 T - 1 h(Ty).

Thus z; = h(z;), which is a contradiction.
Thus p is odd, say p = 2m + 1 for some m > 1. As above there are words v, v; and v,
such that v = vjvp and |v;| = |v2| and

xI1.. .xn_lxnlh(xl)xz .. .xi_1h<$l‘):€i+1 .. .xn_lh(xn) = (Ulvz)mvl \vz(vlvz)m.
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Since v; starts with z; (first occurrence) and ends with z,, (last occurrence in the first
part), v; = x v}, and analogously, vy = h(z)vjh(xy,). Therefore we have that O,, ,(w)
has the form

(zrvizph(xy)vih(x,)) 1 v]z, |h(x) ) vhh(z, ) (21v)znh (2 )vhh (2, )™

Since the letters z; and x,, do not occur in the first occurrence of v, by the definition of
Op,n» the last letter of the first occurrence of v; (in the first part of the word) and last letter
of the the first occurrence of v; in the second part coincide, i.e., x,, = h(z,) which is a
contradiction. O

We now discuss some operations where the edit distance of w to w’ is at most 2 and at
least one deletion or one insertion is performed to obtain w’; more precisely, we consider

(a) the deletion of an arbitrary letter,

(b) the deletion of an arbitrary letter and the change of an arbitrary remaining letter,
(c) the insertion of an arbitrary letter,

(d) the insertion of an arbitrary letter and the change of an arbitrary letter of w.

We now give the formal definition of these operations.

Definition 9. For any natural numbers n,i,7,7 with1 <i<n,0<4i <n, 1 <j<nand
1% J, letters x,y,z € V with x # vy, and a word w = x 123 ... 2y, x; €V, of length n, we
define the following operations

Dn7i7 Dnviy.jvryy : Vn - Vznil and In7i/7‘z’ In7i/7zyj7x7y : Vn - V2n+1

by
Dy i(x122...20) = 122 .. Tp@1 T2 . . . Bi— 1 Ti41Ti42 - - - Ty,
( . .
T1... T2y - Li—1Tj41-- - Lj—1YTj41---Tp, Tj=2T,1 <7,
Dm’j@,y(acl...xn) =421 Tpx1- Tj—1YTj41 . Li—1Tj41 .- Ty ZUjZJZ,i>j,

undefined, otherwise,
Ly (2122 00) = 2122, TpT1 T2 ... Ty 2T 1Ti42 - . . Ty,
(

./ .
Tl Tp®1 - LT RZT30 41 Tj—1YTj41 .- Tny, Tj=T,0 <],

o _ ./ .
Init 2 jay(T1. Tp) = Q T1 .. Tp&1 o Tj YT ] - Ty 2T - Ty, T =X, 1 >,

undefined, otherwise.
\

Theorem 10. Ifn > 2, 1 <i<wn, and q is a primitive word of length n, then Dy, ;(q) €
also holds.

Proof. Letusassume i = 1. Letq= 2w € ), wherez € V andw € V.
Then D,, ;(¢) = xww. Obviously, |zww| is odd.
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Let us suppose zww ¢ (), that is, there exists an odd number p € N, i.e., p=2m — 1
for some m > 2, and v € V' such that zww = vP (without loss of generality, we can
assume that v € Q).

As in the preceding proof, there are words v' € V* and v” € V' such that v = zv'v”

! //)m—l

zw|lw = (xv'v fpyhym=1,

o' | (zv'v

Then w = (v/v"z)™ W' = (v"zv')™ 1", Since |(v'v"x)™ 1| = |(v"2v")™ 1|, we have

vVV=v"=z.

Moreover, zw|w = (222)™ '2z|z(x22)™ 1. Thus w = (z22)™ 'z = (202)™ 2 which
first implies (z22)™~! = (z22)™~!, then zx2 = 222 and finally zz = zz. By Lemma 3,
z is a power of z. Therefore ¢ = xw = (122)"™ 'xz is a power of x which contradicts
q € Q. This contradiction proves zww € Q).

Let us consider 7 > 2. Let ¢ = wzw' € Q with |w| =i— 1. By Lemma 1, we have
zw'w € Q. Hence, by the first part of this proof D,, |(zw'w) = zw'ww'w € @, which
implies D), ;(¢) = wrw'ww’ € Q by Lemma 1. 0

Theorem 11. If w € V" such that D, ; j » ,(w) is defined, then Dy, ; j ».,(w) € Q holds.

Proof. We first discuss Dy, p, j + 4. Let w = x1x2 ... 7). Then
Dpnjay(W) =T122. .. Tj_1ZTj1Tj42 . TnT1T2 .. Tj— 1YL 41T j42 - - - Ty -
Let us assume that D), 5, j 2., (w) ¢ Q. Then there is a word v € V' such that
Dn,n,j,x,y(w) =P

for some p > 2. Since Dy, p, j 2y (w) has odd length, p and the length of v are odd numbers.
Let p = 2m + 1 for some m > 1. Thus there are words v; € V™ and v» € VT such that
v=uxvivp, k—1=|v1| = |vp| and

m m
LI Tj BT 1 T2 - - T |[T1X2 . L j 1YL 1Ty . Ty = U @ V1 [020™

Then |v| = 2k — 1. We set s = 2k — 1. We distinguish some cases.
Case 1. Let 1 < j < k— 1. Then by definition of D,, 1, j z 4.

1)1 =T112.. .xjfleUJ#l LT = 2 T2T
and

V) =2127.. .a:j_lyxjH L1 = R1Y22.
Thus, we get,

V=Z21TTLz1Yz2.
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If m > 2, the first part of the word is

lezzxkzlyzzzlxzzwkzlyzzvm_zzlxzzxk (1)
and that of the second part is

YD TDTR Y222 BT Y2 (2)

and these two words differ in the (|z)2222121y2221| + 1)-st letter, which contradicts the
definition of Dy, 5, j 4. If m = 1, we get a contradiction by the same arguments.

Case 2. Let j = k. Then the k-th letter in the second part is y. On the other hand, it is x|
since there starts the word v. Thus x1 = y. This gives

TV =2122... 01T =YZT, V3 =21X2...Tfp—1 = YZ and v = YzZxYyz

with z = zpx3...25_1. Then the first and second part are

yzayzyzeyzo™ 2yze and yzyzoyzyzoyzo™ 2,
respectively. We obtain zz = yz by looking on the words starting in the position |z| + 3.
Thus by Lemma 5, x = y in contrast to the definition of D, 5, j » 4.

Case 3. Let k+1 < j <2k—1. Then v =z v;vhzvy. Moreover, |v}| = j — k — 1. Further-
more, y stands in the j-th position of vhzvizivy, i.e., zjvy = zjvjyv] with
|v}| = j —k — 1. Therefore v = z vjyv]vhav] and |v]| = |[v5] and |v]| = |v¥|. Then
we get for the second part

/ .1 1/ / "1 !
T1VYV] VaYUy L1V YV] VpTVY 25— 1225 - - - Ty

by the definition of D,, 5, j + 4 and from the form

vhyavy vl yo] vhaod ™!
given by our assumption. Considering the words starting in the position (|z;v]yv]|+1)
and in the position (|zv]yvvhy|+ 1), we see that v] = v5 = z and v] = v} = 2’. Looking
on the subwords starting in the first position and in the position |vj| +2, we get 1z = zx
and yz' = xx. By Lemma 5, 1 = x and y = 1, which contradicts = # y.

Case 4. Let j = hs+q for some h > 1 and 1 < ¢ < k— 1. Then z; = x is the ¢-th letter
of v. Thus v = vjzv]vy with |v}| =¢— L.

We now compute the position of y in v. Since the second part starts with v, of length £ — 1
and hs+q=k—1+(h—1)s+s+q—(k—1)=k;+(h—1)s+k+gq, yisthe (k+¢)-th
letter of v. Therefore v = v{zv|vhyv) with |v]| = |v}|. Moreover, |v}| = |v]] + 1. Now
we get easily the same situation as in Case 1; thus we get (1) and (2) and a difference in
the (|z1]+ 1)-st position.
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Case 5. Let j = hs+ k for some h > 1. Then z is the k-th letter of v. We compute the
position of y in v. Since the second part starts with v, of length k£ — 1 and

hs+k=k—1+hs+k—(k—1),

y is the first letter of v. Therefore we get v = yzxyz as in Case 2, which leads to a
contradiction.

Case 6. Let j = hs+q forsome h > 1 and k+1 < ¢ <2k —1. Then z; = x is the g-th
letter of v. Thus v = zjv;vhavd with [zjvvh| = g—1 > k. Furthermore, |v}]| =2k —1—q.
We now compute the position of y in v. Since the second part starts with v, of length £ — 1
and hs+q=k—1+hs+q—(k—1), yis the (¢ — k+ 1)-st letter of v. Therefore

U= xlvllyv'{véxvg with ’951’0/1\ =q—k.
Therefore |[v| = k — (¢ —k+1) = 2k — 1 — q. Hence |v}/| = |v4] and consequently also

|v}| = |v}|. Therefore we have exactly the situation of Case 3, which leads to contradic-
tion.

Let us now consider 7 = 1, i. e., the operation Dy, 1 j .. ,. By the first part of this proof

Drn—ji1ay(Wh) = TpTn 1. 212000 1. 2 1yT 135 0. 02 €Q,
by Lemma 2,
T2X3 ... Tj—1YLj41Tj42 ... TpX1T2 ... Ty € Q,
and by Lemma 1
T1X2... TpT2X3 ... Tj—1YLj41T542 ... Tn = Dml,j,x,y(w) € Q
We now consider the case j < i. We set
W= Tj41Ti42...TpT1T2 ... T4.
Moreover, let x; = . By the first part of this proof we get
Dn7n7n_i+j7$7y(m) =Tir1.-.-Tnl1.. . LiTlit1 - - Tnl] .. . Lj1YTj41-.-Ti—1 € Q
Hence, by Lemma 1
L1 Liljt1 - T+ L5 1YTjp1 - - Li—1T441 .- - Tn = Dn7¢,j7m7y(w) S Q
If i < j we can prove that Dy, ; ; » ,(w) € @ analogously to the case j < i using Dy, 1 jz.y

instead of Dy, p, j 1.4 O

Theorem 12. If g is a primitive word of lengthn, 0 <i <nand z €V, then I, ; ,(q) € Q.
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Proof. Let w be a primitive word of length n and a € V. Then I, ,, ,(w) = wwa. Let us
assume that I, , o(w) ¢ ). By Lemma 1, aww ¢ (). Now we conclude as in the proof of
Theorem 10 (Case i = 1) that w = (2za)™ 'az and z is a power of a, which yields that w
is a power of a in contrast to the primitivity of w.

In order to prove the closure of I, ; , for 1 <i <mn—1 we use Lemma 1, again. O

Theorem 13. If ¢ € Q and I, ; . j .y (q) is defined, then I, ;  j 4 (q) € Q.

Proof. Letw = x123...21TZj1Tj42...Tpn. Then
Innajaey=T1T2.. . TpT1T2. .. Tj_1YTj{1Tj42 ... Tpa.

If we assume that I}, , 4 j 2,y 1S DOt in ), then

Tl Tj1YTjt] - TpaAT] ... Ty = Dn+1’n+17j7y’m(x1 X YTy cxpa) ¢ Q,

which is a contradiction to Theorem 11. The general case can be obtained using Lemmas 1
and 2. a

Let a word ww' be given with ed(w,w’) = 1. Then w’ is obtained by a change (i.e.,
d(w,w') = 1 =29), either by a deletion or by an insertion. By the Theorems 6, 10 and 12,
ww' is in Q provided that w € Q. If ed(w,w’) = 2 we have again ww’ € Q if two changes,
or a deletion and a change, or a change and an insertion are performed (by Theorems 6,
11 and 13). In the remaining cases, in general, primitivity is not preserved. Performing
two deletions we can get a non-primitive word, as can be seen from w = 110P1 which
results in 1107111071 and gives 11071107 = (1107)? ¢ @ if we delete the first and last
letters of the second copy (note that the statement holds for any length n > 4 since it
holds for any p > 1). The same holds for two insertions; e. g. the duplication 107107 of
w = 10P €  yields 10P110P1 = (1071)? by inserting a 1 before and after the second copy
of 10P. Furthermore, if we cancel the first letter and insert a 1 before the last O in the
duplication 110110 of 110 € Q, we get 110110 = (110)? ¢ @, again.

Therefore we have a complete picture for the case that the edit distance is at most 2.

4. Concatenation of an Almost Mirror Image

In this section, again, we consider words of the form ww’. However, instead of an almost
copy w’ of w we choose w’ in such a way that the Hamming/edit distance of w’ and the
mirror image w? is small.

We start with the remark that, in general, for a primitive word w, the word ww! is not

a primitive word. For example, if we concatenate 100110 and its mirror image, we obtain
100110011001 = (1001)? ¢ Q. Moreover, if we delete one letter in w?, the obtained
operation is not primitivity preserving as can be seen from the following counterexample.
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Let w = 01001. Since w’ = 10010, ww’ = 0100110010. If we delete the first letter of
w’, then we obtain 010010010 = (010)* ¢ Q.

We define formally three operations which are analogous to some with a small Ham-
ming distance d(w,w") considered in the preceding section.

Definition 14. For any natural numbers n, 1,5 with 1 <i <n and 2 < j < n, all letters
x,y €V with x # 3y, and a word w = x1x3...Ty, x; € V, of length n, we define the
following operations

My iy V* =V and My, ;. - V" — V7!

n7j7x7y .

by

rr2...InInIn—1---Li+1Yri-1rj-2...21, I =12,

My izy(ri2.. . 00) =
ity " undefined, otherwise,

M/

o rr2...InInIn—1---LjL1Yrj-1rij-2...22, Ij=2,
n7j7x7y(x1x2...mn) =

undefined, otherwise.

For all odd natural numbers n, all mappings h:V — V with h(a) # a foralla € V, and
all words w = x1x3 ... Ty, x; €V, of length n, we define the operation O/, , : V" — V2
by

O;yh(xlxz cip) =x1xp g h(Tn) T - T h(x) 1o . o h(2)

where 1 = ”TH

Theorem 15. Ifw € Q such that M,, ; ;. ,(w) is defined, then M, ; , ,(w) € Q also holds.

Proof. Letw =x1x3...7,. Then
! M . _
W = My zy(W) =102 ... Bj 1 DT 1 T 2T T L1 - - - i 1Y Ti— 1 T4—2 - .. T1.
Letu; =x1...25—1 and up = x;41...xy. Then
w = uyruy and w’' = ulmuzugyulﬁ.

Let us assume that w’ ¢ Q. Then w’ = vP for some p > 2 and some word v € V',

If piseven and p > 2, then v% =wand g > 2, which contradicts w € Q). If p =2, then
V=UjTUY = uf‘yuf2 3)
We now count the number of occurrences of x and get

#r(uizup) = #,(up) + 1+ #,(un)



22 Jiirgen Dassow, Gema M. Martin, Francisco J. Vico

and

# (u?yufz) = #w(ug) "‘#w(uf) = #z (u2) +#z(u1).
Thus

#, (uyzun) # #o (ulyul)

which contradicts (3).

If pis odd, say p = 2m + 1 for some m > 1, then w’ = v vv20™ where v = vjv; and

lvi| = |va|. If i > |v|, then by the construction of w’ we get w' = vzvf' with

2z = 0™ lwvv™ ! and by our assumption (w’ = v*™*!) we have w’ = vzv. Therefore
R

v =0

Now let ¢ < |v|. Then v; and v, and v satisfy the following conditions:

® U= vf?' (by construction),

o vff = ((v))F = vy,

o o= ()"

Vi)t = vaf% =V1v) = 0.

Hence in both cases we have v = v,

Now assume that z occurs in the j-th factor v where 1 < 7 < m (or equivalently,
(7 —1)Jv|] <i < j|v)), i.e., for this factor v we have v = v3zvs. Then

w' = v ogzu™ o upn™ I vfyvé%v]_l
by definition of M, ; ;. ., and

w' = oI oz ™ T ™ oo 7!
by assumption. Therefore

v3zvg = vityvd

Now we can construct a contradiction as above by counting the number of occurrences
of x. Let x occur in vy, 1. e., v] = v52v6. Then vy = vé’zyvé{. Thus

V=010 = vwvw?yvé{
Then
vt = vsyvgvliavlt £ v

in contradiction to v = v¥, O
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Theorem 16. If w € Q such that M/

n,5,2,Y

(w) is defined, then M’

n7/l7x7y

(w) € Q also holds.

Proof. Letw =x1x3...2,. Then

/
an’y(w) =T122... TpTnlp—1 .. Tjp1YTj—1Tj—2...12.

Obviously, | My, jzy(w)| =2n+1,i.e., the length of M, ; . ,(w) is odd.
If My, ;. ,(w) is not a primitive word, then My, j .., (w) = v for some primitive word v

of odd length and some odd number p with p > 3, say p =2m+ 1 with m > 1. As in the
preceding proofs we get v = vz, v2 with

M;lw’y(w) = "1z 0™ = (VizRv) U1 |V (ViR Y)™
and |vi| = |va|. Let |v1| =g, i.e., |v| = 2¢+ 1.
Let 2 < j <2q+1. Then considering the (m + 1)-st factor v of M , . (w), we

obtain v = vjx,|vy = 2122 ... Tgxy|Tpaq. .. T2 Let 2 = x223...242y,. Then v = z 1228,

On the other hand, for 2 < j < 2¢+ 1, by definition of M,’%j’x’y (w) = M{I’m’y(xlzzszm),
M/

n.j.zy(W) does not end with (22f)R = 22%. Thus we have a contradiction to the fact
that M,, ; ;.,(w) ends with v and therefore with 2z%.

Let j = 2¢+2. Then the (2¢ + 2)-nd letter of w is x. Moreover, the (2q + 2)-nd
letter of w is the first letter of the second factor v of MT/L j2y(W) Which is z;. Hence
x = x1. On the other hand, by the definition of MT’L j’xvy(w), counting from the end,
y is the (2¢ + 1)-st letter of M;, ; . (w), which means that y is the first letter of the last
factor v of M,, j ., (w). Thus y = z1. Hence we get x =y in contradiction to the definition
of My i .-

Let 2¢+3 < j < n. Then we can derive a contradiction by analogous argument (in
the case that m(2g+1) < j <n, we get v = vix,v2 = 7122 by considering the first
factor vy and the last factor v in Mj, ; . (w)). O

Finally in this section, we give a result which is the counterpart of Theorem 8. We omit
the proof which can be given in analogy to the proof of Theorem 8.

Theorem 17. For any odd natural number n > 5, any primitive word q of length n, and
any mapping h:V — V with h(a) # a foralla € V, O/, (q) is a primitive word. O

S. Further Operations with an Almost Duplication
of Length

First in this section, we discuss the situation where w’ in ww’ is obtained from w or w’

by large changes.

If we change all letters in the second part, primitivity is not preserved in general. For
instance, if we take the primitive word w = 100110, then by changing all letters of w we
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obtain 100110011001 = (1001)* ¢ Q; and starting with the primitive word w = 10010110
and changing all letters of w’ we get 1001011010010110 = w? ¢ Q.

Theorem 18. Let w and w' be two words of length n such that n — d(w,w') is a power
of 2, then ww' is a primitive word.

Proof. The proof can be given in a way analogous to the proof of Theorem 6. O

The following definition and result are analogies to 1),, ;, and Theorem 10.

Definition 19. For any natural numbers n, any natural number ¢ with 1 <1 <n, and any
mapping h:V — V with h(a) # a and h(h(a)) = a for all a € V, we define the operation
Dy : V' — VIl by

Dpp(z122...20) = 2120 . ph(T120. . ... Tp—1)-

Theorem 20. For any natural numbers n, any natural number i with 1 < i < n, any
mapping h :V — V with h(a) # a and h(h(a)) = a for all a € V, and any w € Q),
Dy, n(w) € Q also holds.

Proof. Letw =x1x3...75 with z; € V for 1 < 7 <n. Then
Dy p(z122...20) = 2122 ... 2ph(z1 .. 2p—1)

has an odd length.

Let us suppose that D,, ,(w) ¢ @, that is, there exist a p > 2 and v € () such that
Dn,n,h =P
Thus p is odd, say p = 2m + 1 for some m > 1. As above there are words v, v; and v,
such that v = vz, v2 and

122 .. Tp|h(z) . xp1) = (VizRv) V1T V2 (V1ZR) ™.

Since |(v1zpva) 1| = |va(ViZRv2)™|, V1] = |02]-
Furthermore v, = h(v;) by definition of D,, ;,. Therefore we get

12y . xp|h(zy .. xp—1) = (vizph(vy)) V120 |h(01) (ViR h(v1))™

Thus (h(vy)h(x,)vy)™h(vy) = h(v)(vizph(vr))™, that is,
(h(vi)h(xn)v)™h(vy) = (h(vi)viz,) ™ h(vy).

Hence h(xy,)v) = vizy,. Therefore, by Lemma 5, h(x, ) = x,, in contrast to the supposition
concerning h. O

By Theorem 18, from a word w € Q we obtain a primitive word ww’ where w’ is con-
structed from w by changing all letters except one letter. This result does not hold for
the mirror image, i. e., if one concatenates w with its mirror image and changes all letters
of the mirror image besides one letter, in general, one does not obtain a primitive word.
For example, if w = 11100 € @ and i = 3, then we obtain 1110011100 = (11100)? ¢ Q.
However, if we restrict to special positions, then the corresponding statement is true, as
shown by the following two theorems.
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Definition 21. For any natural numbers n and i with 1 <1i <n and any mappingh:V — 'V
with h(a) # a for all a € V, we define the operations

Mgy Mygpp:V®— V"
by

My n(1z2.. . 20) = 2122 .. Tp@ph(Tp—1Tp—2 ... 71),

My n(z122.. . 20) = 122 ... 2 h(Tp2n—_1 ... T2) 1.

Theorem 22. For any n > 2, any mapping h : V — V with h(a) # a for all a € V and
any w € Q, My, 1 p(w) € Q also holds.

Proof. Letw =x1x,...2y,, where x; € V. Then
My p(w) = 2122 1 T T M (Tn—12Tn—2 ... T1)

has an even length.

Let us suppose that M, | 5 (w) ¢ (), that is, there exists a p € N and v € ) such that
T1T2 . Ty 1 TpTph(Tp_1Tp—n...21) = VP

If p is even and p > 2, then v? = w and £ > 2, which contradicts w € Q. If p =2,
then 2122 ... 2p 122 h(Tp_1Tp_2...71) = v?, that is,

V=212 Ty 1T = Tnh(Tp_1Tp_2...21).

Then x,, = 1 and x,, = h(x), which is a contradiction.
If p is odd, then p = 2m + 1 for some m > 1 and v = x1v'z,0v" with o', v” € V*, which
can be shown as in the proof of Theorem 11. Since

/|: //|'

71 Ty 1Tl rph(Tn 1202 .. 1) = 0w |20 0™, o lv

We distinguish the cases v/ # X #v” and v/ = A ="
Supposing v’ # X #v” andv' =y ...y and v” = 2, ... z.. Then

1. T 1Tp|Tph(Tp_1Tp—2...21)

=(T1y1-- - YrTn21 - 20)" 1YL YTz 2 (XY YTz 2e) ™

and y, = xp,. Since h(z1y1y2...Yr) = 2r2Zp—1 . .. 21Ty, by construction, h(y,) = x,, which
contradicts y, = x,,

Supposing v/ = XA = v”, we get
Tl Tp1Tp|Tph(Tp—1Tn—2...21) = (x120) " 21|20 (T120)™,

which implies x,, = x| and x,, = h(x), so it is a contradiction.
Therefore Q,, 1 1 (w) € Q. O
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Theorem 23. For any n > 2, any mapping h: V' — V with h(a) # a for all a € V and
any w € Q, My, ,, n(w) € Q also holds.

Proof. Letw = x1%;...7,. Let us assume that M, ,, ,(w) ¢ (). Then there is a word
v € VTand a natural number p > 2 such that M, ,, 5 (w) = vP.

If p=2,then v = zy23...2, = h(xpxp—1...22)x;. Hence x1 = h(xy) and x,, =y,
which is a contradiction. If p > 2 and even, then w = Vi e ( in contrast to our supposition.

If pis odd, i.e., p =2m + 1 for some m > 1, then there are words v; and v, with
v =wvyv2, |v1| = |v2| and

212 .. xp|h(Tprp—_1 ... h(x2)z1 = 001 |v20™.
Let k = |v1|. Then
V1 =2122...0k and V) = h(xkyck_l .. .:L'z)aﬁl

by definition of M, ;, ;. Thus ;11 = 21 and h(x2;41) = @1 in contrast to the required
property of h that h(a) # a foralla € V. O

We now define an operation where we duplicate the word, but the copy is shifted some
positions to the left. Hence, on one hand, no change is done in the copy, but on the
other hand, the position of the letters are changed essentially. An analogous operation is
performed where we shift an almost completely changed version of the word.

Definition 24. For any natural numbers n and 1 with 1 <1 < n — 1 and any mapping
h:V — V with h(a) # a for all a € V, we define the operation Sy, ; : V" — V" by

Snyi(xla:z .. .%‘n) =T122...LiT1X2 ... TnLi41Li42---Tp-

Theorem 25. For any natural numbers n > 2 and i with 1 < i <n — 1 and any word
q € Q of length n, Sy, i(q) € Q also holds.

Proof. Letq=ww' € Q withw =z12,...2,_1 and w' = z;2;,1...2,, where xj €V for
1 <j <n. Then S,i(q) = www'w'

Assume www'w’ ¢ Q, that is, there exist a number p € N, p > 2 and a word v € @ such
as www'w’ =P, thatis, w?(w')> = vP. Itis known, by Lemma 4, w = u* v’ = u!,v =u™.
Since ww' € Q and ww' = u**!, we have a contradiction.

Therefore www'w’ € Q. O

We mention that an analogous statement does not hold, if one uses the mirror image
instead of a copy. The following example shows that then primitivity is not preserved.
Let w = 01 and 7 = 1; using the mirror image and shifting it by one position to the left we

get 0101 ¢ Q.

Finally in the following theorem we present some operations which, together with
the above operations, allow the generation of all primitive words of length < 11 (as can
be shown by computer calculations) and of a considerable amount of primitive words of
length up to twenty.
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Theorem 26. Let w € (Q be a primitive word of lengthn > 2 and x € V and y € V two
different letters of V.

(i) Then wz"™ and wx™ ' and wa:y”_z are in (), too.

n—2)/2 n—2)/2

(ii) If n is even, then w(zy)' z and w(zy)| y are primitive words, too.

Proof. We omit the easy proofs for (1).

(ii)) We only prove the statement for w(xy)(”_z)/ 2z; the other proof can be given
analogously.

Assume that w(zy)"~2)/2z ¢ Q. Then there is a word v € V* such that

(n—2)/2

w(zy) x =P

for some p > 2. Since w(xy)("_z)/ 2z has odd length, p and the length of v are odd
numbers. Let p = 2m + 1 for some m > 1. Thus there are v1,v, € V" such that

n—2)/2

v =010, |v1]| = 02|+ 1 and w|(zy)' x =v"v|vu™.

By w(xy)(”_z)/za: = 2™+l we have v = (a:y)kx for some k£ > 1, and then v; = (zy)",
vy = (2y)" "'z and

w|(zy) "2 2 = ((wy) a)™ (zy)" |(wy)" w(zy) )™,

Since the (n+2(r — 1) + 2)-nd letters in both representations differ, we have a contradic-
tion. a
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